A time point process can be defined either by the statistical properties of the time intervals between successive points or by those of the number of points in arbitrary time intervals. There are mathematical expressions to link up these two points of view, but they are in many cases too complicated to be used in practice. In this paper we present an algorithmic procedure to obtain the number of points of a stationary point process recorded in some time intervals by processing the values of the distances between successive points. We present some results concerning the statistical analysis of these numbers of points and when analytical calculations are possible the experimental results obtained with our algorithms are in excellent agreement with those predicted by the theory. Some properties of point processes in which theoretical calculations are almost impossible are also presented.
Introduction
Point processes (PP) play an important role in probability theory (Cox and Isham, 1980) , physics (Lowen and Teich, 2005) , or signal processing (Snyder and Miller, 1991) . In the one-dimensional case, and especially for time PPs, there are two main methods to describe their properties. The first is by using the statistical properties of the numbers of points of the process appearing in non-overlapping time intervals. These numbers are nonnegative discrete valued random variables (RV). The second is by using the distances between successive points of the process, sometimes called lifetimes. These quantities are in general continuous positive RVs. This approach is especially well-suited to the case of renewal PPs defined by the fact that these lifetimes are independent and identically distributed (IID) RVs, in such a way that a stationary renewal PP is completely defined by the probability distribution common to all these lifetimes. The relations between these two approaches are the subject of number of papers (McFadden, 1962; Picinbono, 2004) . Even if there exist a number of theoretical results on this subject, they are often difficult to be used in practice because of the complexity of the analytical expressions. For example, even in the simplest case of renewal PPs, it is often almost impossible to obtain explicitly the analytical expression of the probabilities of the numbers of points recorded in some intervals in terms of the distribution function (DF) of the lifetime which completely defines the process.
One of the objectives of this paper is to overcome this difficulty by introducing algorithmic procedures allowing the transformation of some properties of the lifetimes into properties of counting in some intervals. These algorithms can be used either with simulated data generated by computer or with real data coming from physical experiments. In the cases of PPs for which the theoretical calculations yield relatively simple analytical results, we show that the experimental results obtained with our method on computer simulated data are in excellent agreement with the theory, which is a test of the validity of the algorithms presented in the paper.
It is clear that the problem analyzed hereafter is not new in its principle.
The two possible methods of definitions for PPs appear in almost all the books on this subject. However the calculations that yield the counting properties in terms of those of intervals between points are rarely indicated, except in the especially important case of renewal processes (Cox and Isham, 1980) . The use of computer methods to study this kind of problem appear in a sequence of papers of Lewis and the most important references are indicated in (Cox and Lewis, 1966) . However the specific problem presented in this paper was not analyzed previously and the recent advances in numerical simulation allow us to introduce procedures that are rapid an precise. Similar procedures have been already used for the analysis of dead-time problems in PPs (Picinbono, 2007; Picinbono, 2009 ).
The paper is organized as follows. Section 2 is mainly devoted to counting analysis. We first present an overview of the known theoretical results concerning the calculations of the counting probabilities of a PP in terms of the statistical properties of the intervals between points. We note that, even for the simplest PPs such as renewal process the calculations are often rather complicated. After a short review of the possible experimental methods for the determination of the counting statistics, we present the principles of an algorithmic method allowing this determination from a sequence of measurements of successive intervals between points of the PP. In Section 3 we consider the same kind of problems appearing when using residual lifetimes. The theoretical calculations are in general almost impossible, which justifies the simulation approach presented in this section. In the last section (4) various experimental results obtained with the algorithms previously described are presented. In the cases where theoretical results are possible there is a very good agreement between theory and simulation experiment.
Counting Analysis

Theoretical Considerations
Let X k be a sequence of N positive random variables and T i the sequence deduced from the X k s by T 1 = X 1 and T k = T k−1 + X k , 1 < k ≤ N . These T k constitute an increasing sequence of values which are the random time instants of a time PP defined by the X k s. The RVs X k are thus the distances between successive points called in what follows lifetimes of order one. The lifetime of order n is the interval between T k and T k+n which is clearly equal to S n [k] = X k+1 + X k+2 + ... + X k+n often written simply S n when no confusion is possible. Note that the recursion defining the instants
In counting analysis one is interested in the probability distribution of the number of points appearing in some intervals. There are two main procedures for counting analysis. In the first we consider time intervals of duration D beginning at a point of the PP and we study the statistical properties of the number of points of the PP appearing in such intervals. The condition on the beginning of the interval leads to the term of triggered counting. If no such condition is introduced, or if the beginning of the counting interval has no reason to be a point of the PP, we use the term of relaxed counting.
Consider first the problem of the calculation of the triggered counting probability. Let N be the number of points of the PP in an interval such
where t i is a point of the PP and D is the counting duration. This number is a discrete valued RV and we want to calculate its distribution function from some properties of the RVs X i .
Let E n be the event that there are n points of the PP in the interval
, where S n and S n+1 are written for S n [i] and S n+1 [i] respectively. Its probability q n = Pr[E n ] can be expressed in terms of the DFs F n (x) of S n . Indeed it results from the relation
and from the fact that Pr
with also S 0 = 0, which yields q 0 = 1 − F 1 (D), where F 1 (x) is the DF of the lifetime of order one X k . This expression is given for renewal processes on p.
52 of (Cox and Isham, 1980) .
Let us now analyze a slightly more complicated case useful for what follows.
Consider two non-overlapping intervals [0, a] and [a, b] , with b = a + D and let p m,n (a, b) be the probability that these two intervals contain m and n points respectively. A calculation similar to the previous yields
where the functions F (., .) are the DFs defined by
with S 0 = 0. From these probabilities it is possible to study the relaxed counting statistics which, as seen above, correspond to the random number of points of the PP in an interval [a, b[ without specifying that a is a point of the PP. The corresponding probability is
where p m,n (a, b) is given by (3). When the PP is stationary and under general ergodicity conditions, p n (a, b) tends to a limit when a tends to infinity in such a way that
This relation can also be interpreted in another way. Instead of making a → ∞, it is possible to take a → −∞ while b remains finite. Physically this means that the origin of the PP is removed to the infinity in the past, which corresponds to the idea of stationarity. Equation (6) means that the effect of the initial state at the infinity in the past does not have any effect on the present.
The triggered and relaxed counting probabilities q n (D) and p n (D) given by (2) and (6) respectively are quite different. We shall verify this point in the forthcoming computer experiments. Furthermore it is clear that the mean value of the random number of points in relaxed counting is equal to λT , where λ is the density of the PP, while this expression has no reason to be valid for the triggered counting. We shall also verify this point experimentally.
The practical use of the previous expressions is not always simple. The main problem comes from the fact that the analytic expressions of the various DFs appearing in (2) or (3) are rarely known. Consider the simplest case of a renewal PP. This means that RVs X k are IID. Thus the PP is completely defined by the DF F (x) common to all these variables. Even with this assumption, the calculation of p n or q n can remain rather complicated. The DFs F n (x) appearing in (2) are the DFs of sums of IID random variables. The probability density functions (PDF) of such sums are a multiple convolutions of the PDFs common to all the RVs X k and can in some cases have a rather simple expression. But this is not always so and for example in the very simple situation where the RVs X k are uniformly distributed in a finite interval, the analytical expression of the convolutions becomes extremely complicated for n > 5. The problem becomes still more difficult for the calculation of the relaxed counting probabilities even with renewal PPs. Indeed it is necessary to calculate the DF F m,n (x, y) defined by (4). It results from the definition of the sums S n that S m+n = S m +S n−m whereS n−m is still of a sum of RVs X k . If the PP is a renewal PP the RVs S m andS n−m are independent, which strongly simplifies the calculation of the DF F m,n (x, y). The problem is then reduced to the calculation of the DF of IID random variables and the difficulty is the same as for the triggered counting probabilities.
When the PP is no longer a renewal PP it is almost impossible to use the previous equations because the calculation of the DF of sums of correlated RVs is in general very tedious. This explains why an experimental approach seems of great interest.
Experimental Methods for Counting Statistics
The first experimental method for counting analysis of a PP is by using a counting linear filter. To any time PP, or random sequence of time instants T i , we can associate a signal S(t) called shot noise of the PP and defined by
where h(t) is an arbitrary impulse response of a stable linear filter. If h(t) is a rectangular function equal to 1 for 0 < t < D and 0 otherwise, the signal S(t) is equal to the number of points of the PP appearing in the interval with independent samples S(θ i ) it is necessary to take
The second method consists in the use of electronic counters, as described in p. 101 of (Cox and Isham, 1980 (Cox and Isham, 1980) . When the number of points used for the statistical analysis of the counts is very great, this thinning effect does not yield important effect on the precision of the results.
Algorithms for Counting Statistics
Starting from a realization x k , 1 ≤ k ≤ N , of a sequence of positive random variables X i , considered as lifetimes of a PP, we want to deduce an estimation of the counting probabilities previously introduced. We assume that X i is stationary and ergodic, in such a way that expectation values can be estimated
by averaging with respect to the variable k corresponding to the discrete time.
The terms x k of the starting sequence can be real data obtained from a physical experiment or simulated data obtained from a computer program. The number N which plays a central role in the precision of the results must be as large as possible and in most of our experiments it is of the order of 10 7 . When analytical results are available, the comparison between theory and experiment yields an idea of the precision of the methods introduced.
Let us begin with triggered counting which requires relatively simple methods. The problem is to estimate the terms such as F n (T ) appearing in (2), where F n (.) is the DF of the random sums S n introduced above. The solution appears in two steps: calculation of the sum and estimation of the probability that S n ≤ T . For the calculation of the sum it is appropriate to use a recursive
This can be written recursively in the form 
As for a Bernoulli RV we have
, we therefore deduce that F n (T ) is simply the mean value of the RVs Y n [i] directly deduced from the sums s n [i] by time averaging and thus from the data x i . This operation must be realized for the values of n satisfying 1 ≤ n ≤ Q, where Q corresponds to the number of probabilities q n that we want to estimate.
Consider now the case of relaxed counting. The sequence of algorithms that follow is a numerical realization of the procedures used in some electronic counters discussed above. We start again from a realization {x k } of the sequence of RVs X k . It could be possible to introduce a method similar to the one used just above in order now to determine the DFs appearing in (3). The problem, however, is much more complicated and furthermore the use of (5) would require the calculation of an infinite number of terms. It is then more appropriate to avoid this step by using a method directly introducing the calculation of the number of points of the PP used for obtaining the counting probability. For this purpose we shall use a method similar to those introduced in (Picinbono, 2007) and (Picinbono, 2009 ) for the study of dead time effects in PPs.
The aim of the algorithm is to associate with a sequence of values x k defining the set of points t k of the PP by the same procedure as the one introduced above for passing from X i to T i , another sequence n i of nonnegative numbers which are the numbers of points of the PP appearing in intervals such that [t i + a, t i + a + D[, where the t i s are some points of the PP. For this we introduce an intermediary signal σ j defined by the recursion
This signal is always increasing because the x i are positive, and increases from x 1 to i x i . It is clearly related with the number of points of the PP in some time intervals. For example, the number of points t k appearing in the interval [α, β[ is equal to the number of values of σ i satisfying α ≤ σ i < β.
As we are interested in intervals such as [t i +a, t i +b[, with b = a+D, we do not take into account the values of σ i greater than b and it is then convenient to limit the possible values of σ i to the interval [0, b[. For this purpose we replace this signal by where u(.) is again the unit step function and with the initial condition r 1 = x 1 .
This signal is always increasing except when r i−1 > b in which case it comes back to the value 0 at the index (or time) i.
There are other values of r i that are without interest in our counting problem. There are those corresponding to r i < a. This leads to introduce the signal y i defined by
It is clear that y i is a Bernoulli signal taking only the values 0 or 1. Furthermore, it contains all the information necessary to count the number of points t i appearing in the interval [t j + a, t j + b[. It remains to extract this information.
For this it should be noted that if the signal y i takes successively n times the values 1 before coming back to the value 0, this means that there are n − 1 points of the PP defined by the x i s in the interval [t j + a, t j + b[. In order to count this number it suffices to calculate the sum of the successive values of y i , which is realized by the recursive algorithm
This signal is equal to 0 when y i = 0 or increases by steps of value 1 when y i = 1, and comes back to 0 with the signal y i . The number of points recorded in the interval under consideration is thus the maximum value of the signal ζ i which is obtained by the recursion
This signal is a sequence of zeros and nonzero integers. It is clear that if ζ i = n, n > 0, then there are n − 1 points in the interval of measurements.
In order to understand more precisely the behaviour of this set of algorithms, we present in Table 1 The numbers n i of points of the PP interesting for our statistical analysis is
Note that the procedure for passing from the lifetimes x i to the number of points n j is similar to the on used in electronic counters where the thinning effect yields a loss of points for the statistical analysis. On the other hand this introduces an advantage indicated above which is the diminution of the correlation between samples of points analyzed. For example in the case where the RVs X i are exponentially distributed, which implies that the corresponding PP is a Poisson process, then the values N j deduced from the X i s are independent RVs, which is an advantage for the statistical analysis.
Indeed the last step is to evaluate some statistical properties of the random numbers n i obtained by this procedure. The simplest result that can easily be obtained is the mean value and the variance. For some experiments it is the only interesting feature that can be extracted from the counting experiment. In some more advanced studies the interest lies in counting probabilities p n (a, b)
defined by (5). For this purpose it is sufficient to use a normalized histogram of the experimental numbers n i . Note that the algorithms presented above avoid the step involving the calculation of the series appearing in (5).
Residual Lifetime
Theoretical Considerations
Consider again a PP defined from an arbitrary origin t 0 by a sequence of stationary positive RVs X i , i ≥ 1, such that the distance between successive There is, however, a simple and interesting result concerning the asymptotic situation when a tends to infinity. Indeed it is shown on pps. 8 and 54 of (Cox and Isham, 1980) that, under very general conditions, the PDF of the residual lifetime Z (a) takes for a → ∞ the form
where F 1 (z) is the DF of the RVs X i already used previously and m X its mean value.
Algorithms for Lifetimes Statistics
The numerical methods for lifetimes statistics are a direct extension of those used for counting analysis. We start from a realization x i of a sequence of positive RVs X i . The main idea is to calculate, as previously, a recursive sum of these data x i , but returning to zero when this sum becomes greater than a.
This is given bys
analog to (9) used above for counting analysis. We must now eliminate all the values smaller than a and preserve the one which is immediately greater than a. This is obtained by the signalȳ i defined bȳ
It is clear thatȳ i is always equal to 0 except for the indices i specifying that the sum becomes greater than a. Indeed let i be the first index such that y i > 0 after a sequence of zeros. This means thats i > a. According to (14) this implies thats i+1 = 0, which generates a new sequence ofȳ i equal to 0, and so on. After elimination of the samplesȳ i equal to 0 we get a sequence of nonzeroȳ i and the quantityq i =ȳ i − a yields samples of residual lifetime that can be analyzed.
The simplest results that can be obtained is the mean and the variance of the residual lifetime. But it is also of great interest to study the PDF of this residual lifetime and especially to see how this PDF tends to the limit given by (13) when a increases. For this it suffices to use normalized histograms of the valuesq i .
Experimental Results
Erlang Point Processes
These PPs are renewal processes characterized by the fact that the RVs X i describing the distance between successive points are IID and defined by the PDF p(x) = 4λ 2 x exp(−2λx). The corresponding mean value is 1/λ and λ is then the density. They can be defined from Poisson processes of density µ = 2λ in which one point out of two has been regularly deleted. From this property it is possible to calculate all the quantities introduced above in the theoretical considerations.
According to a method presented in the Appendix, the counting probabilities q n of triggered counting in an interval [0, D] and defined by (2) are given
The corresponding mean value is
This mean value is always smaller than λD because of the fact that the counting interval is open by a point of the PP. It tends however to λD when D → ∞.
On the other hand the relaxed counting probabilities are given by more complicated expressions. In particular we have
and after a sum on the variable m we get
When a → ∞ we obtain
Similarly, for n > 0, we obtain
It is easy to verify that p n (D) = 1 and that the corresponding mean value is µD/2 = λD. There is thus a clear difference with respect to the case of triggered counting given by (17).
The simulation of RVs X i corresponding to an Erlang processes is easy.
Indeed it is clear that these lifetimes can be considered as a sum of two IID positive RVs with an exponential PDF, which corresponds to the construction from a Poisson process. In the experiments presented below we assume that µ = 2, which yields λ = 1.
In Table 2 we present experimental measurements of triggered counting in an interval of duration D = 2. The line "TH" indicates the theoretical values given by (16) with λ = 1 and D = 2. The line "EXP" presents experimental results and we observe an excellent agreement between these two lines. In Table 3 we present theoretical and experimental results concerning relaxed counting probabilities with λ = 1, a = 10, and D = 2. Here also the agreement between the two lines is excellent. We have verified that the results remain unchanged when a > 5. On the other hand for smaller values of this parameter a we are no longer in the asymptotic situation and other theoretical and more complicated expressions must be used These results in a case where the theory is available can be considered as a test of the good performance of the algorithms previously introduced and analyzed.
Let us now present results concerning lifetimes measurements. They appear in Fig. 1 . As indicated above the PDF of the lifetime of an Erlang Process of density λ is p(x) = 4λ 2 exp(−2λx). Applying (13) we deduce that the PDF of the residual lifetime is p(z) = λ(1 + 2λz) exp(−2λz). In the framework of our algorithms the first is obtained with a = 0 and the latter for a → ∞. We have verified that the measurements of PDFs yield the same result as soon as a > 3. In Fig. 1 we present in the continuous line the curves representing these two PDFs and the points correspond to experimental results obtained by using the algorithms of the previous section with a = 0 and a = 5 respectively.
We observe that these points are located with a very good degree of precision on the theoretical curves, which is an illustration of the correct behaviour of our analysis method.
Renewal Process with Uniformly Distributed Lifetime
Consider now a renewal PP such that the lifetimes are IID RVs uniformly distributed between 0 and 2. Their mean value is 1, which is also the value of the density λ of the PP. In Table 4 we present results concerning probability 
Point Processes with Correlated Lifetimes
For some applications the assumption of independence between the successive lifetimes X k , which is the basis of the concept of renewal processes, is too restrictive and it is interesting to present statistical models in which this assumption is not introduced. Among the various possible solutions, one of the simplest is the exponential autoregressive model of order one [EAR (1)] introduced by (Jacobs and Lewis, 1977) and discussed in details in (Cox and Isham, 1980) . It is a natural extension of Poisson processes in which the lifetimes X k have an exponential PDF, as for Poisson processes, but are no longer independent.
In this model the RVs X k satisfy the recursion
where B k and Z k are two independent sequences of IID RVs. Furthermore B k is a Bernoulli RV taking only the values 0 or 1 with probabilities α and 1 − α respectively, while Z k is a positive RV with an exponential PDF. It is then easy to verify that X k and B k have the same exponential PDF. If α = 0, X k = Z k , and the corresponding PP becomes a Poisson process. This is the reason why the PP defined by the X k of (22) is considered as an extension of Poisson processes as indicated in p. 62 of (Cox and Isham, 1980) . It is Some results are displayed in Table 6 , where we list measurements of triggered and relaxed counting probabilities q n and p n for various values of α. The part A corresponds to 0 ≤ n ≤ 9 and the part B to 10 ≤ n ≤ 15. We also present the sum of these measured values and the corresponding mean value.
The values of the other parameters are λ = 1, D = 1.
For α = 0 the PP becomes a Poisson process for which q n = p n = exp(−m)m n /n! with m = λD. These theoretical values appear on the first line of the table and the corresponding experimental values of q n and p n appear on the second and third line. The agreement between these three lines is quite good. Furthermore we verify with a high degree of precision that the mean value is equal to λD = 1.
When α increases, i.e. when the correlation between successive intervals between points increases, we observe that q 0 increases while p 0 decreases, and the inverse situation appears for q 1 and p 1 . Furthermore the mean value associated with q n varies, while the one corresponding to p n remains approximately equal to 1, according to the theoretical considerations. exponential for a = 0, which is simply the lifetime X k , and we find again the same situation when a → ∞, according to (13). The situation, however, is rather different from the experiments presented in Section IV. Indeed, because of the correlation between successive values of X k , it is necessary to take greater values of a in order to reach the asymptotic form of the PDF given by (13).
For example when α = 0.6, this asymptotic structure appears only for a > 10, while a > 5 was sufficient for renewal processes, as seen in Figs. 1 and 2 .
Results of computer experiments on life time measurements are reported in 3A and 3C. This crossing effect appears for z = 0.7, value of the product aα.
Various other experiments confirm this fact. For a better understanding of this point we present in Fig. 4 results of measurements of PDFs of residual lifetime for aα = 1/2 and a = 0.7, a = 1, and a = 1.5 for curves 1, 2, and 3 respectively. We observe that the crossing with the curve exp(−z) appears precisely for z = 1/2. We have up to now no way to find a proof of this experimental result.
Appendix : Calculations concerning Erlang processes
In order to calculate the counting probabilities of an Erlang process of density λ we start from a Poisson process of density µ = 2λ in which one point out of two has been regularly deleted (periodic deterministic thinning). Figure 4: Probability density functions of residual lifetime for EAR(1) process for αa = 1/2. 1: a = 0.7, 2: a = 1, 3: a = 1.5.
